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Impressive progress on experimental quantum 
computations and simulations



  O’Brien; Walmsley; Walther; Sciarrino; White; etc.

On-chip integrated linear-optical networks

Super-conducting qubit circuits

Martinis; Nori; Schoelkopf; Houk; Türeci; Blais; Wallraf; etc.

Micro-fabricated trapped-ion architectures

   Wineland; Blatt; Monroe; Leibfried; Roos; 
Hä!ner; Schmidtkaler; Schätz; Kim; etc.

Bloch; Dalibard; Hänsch; Eisslinger; 
Greiner; Phillips; Porto; etc.

Cold atoms in optical lattices



… but how do we trust the 
quantum devices we build?



State tomography is the gold standard for 
characterising quantum systems
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D. Poulin, A. Qarry, R. D. Somma, and F. Verstraete, PRL 106, 170501 (2011).

Hilbert space is a big place, but its physical corner is much smaller!

Physical systems occupy 
only a tiny (exponentially 

small) sector
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Idea: quantum state and process tomography with 
classical neural nets

"Curse of dimensionality" also battled by the machine 
learning community

Outline of the talk (Part I):

Part III: Applications to near-term quantum computations.

Part II: Classical simulations of quantum circuits.



Unsupervised learning and neural network (pure) states

• Generative modelling: Neural networks have proven successful at 
unsupervised learning unknown probability distributions from samples.

Hinton & Salakhutdinov, Reducing the Dimensionality of Data with Neural Networks, Science 313, 504 (2006).

• Neural-network states: parametrize probability amplitudes with a neural-
network Ansatz

G. Carleo and M. Troyer, Science 355, 602 (2017);
Chen & Das Sarma, Phys. Rev. X (2017);
X. Gao and L.-M. Duan, Nat. Communs. 8, 662 (2017); 
I. Glasser et al., Phys. Rev. X 8, 011006 (2018); 
II. J. Chen et al., Phys. Rev. B 97, 085104 (2018).



Idea: Born’s probabilities as a neural net!
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Since the turn of the century, advances in several competing 
quantum technologies have demonstrated control and mea-
surements sufficiently accurate to enable devices of up to tens, 

or soon hundreds, of qubits1–6. A comprehensive characterization of 
modern quantum devices entails the reconstruction of their quan-
tum state from measurements on identically prepared copies, a task 
known as quantum state tomography7–9. In their familiar concep-
tion, exact tomographic techniques become impractical10 on large 
quantum systems due to the exponential complexity associated with 
the description of generic quantum many-body systems. Physical 
systems of interest—such as those generated by the dynamics of a 
local Hamiltonian—are not generic, because their particular struc-
ture guarantees that the full complexity of Hilbert space is in prin-
ciple not required for their accurate description11,12. Thus, in a wide 
range of physical situations, a priori structural information about 
the state under scrutiny can help alleviate the exponential scaling. In 
such cases, a reconstruction can be achieved by introducing a plau-
sible parametrization of the state, whose computational manipula-
tion and storage, as well as the number of measurements required 
for an accurate reconstruction, scale favourably with system size.

Examples in this spirit include permutationally invariant tomog-
raphy13,14, compressed sensing15 and tomographic schemes based on 
tensor networks16–19. Alternatively, if the target state is known, one 
can try to certify the fidelity between the experimental and ideal 
states, without attempting a reconstruction of the former16,20–23. All 
these methods are effective for different classes of states, but they 
all share the drawback of limited versatility. Notably, even though 
matrix product state (MPS) tomography16,18,19 has led to impressive 
progress in the theoretical and experimental reconstruction of the 
states of spin chains, generalizations to higher-dimensional lattices 
rapidly become computationally intractable. Furthermore, even 
for one-dimensional (1D) lattices, the entanglement limitations of 
MPS tomography restricts its application to states arising from only 
short-time dynamics19.

In the quest for efficiency and versatility, methodologies inspired 
by undirected graphical models such as the restricted Boltzmann 
machine (RBM)24,25 as well as based on variational autoencoders26 
have recently appeared. Notably, due to their intrinsically non-local 
structure, RBMs can represent highly entangled many-body states 
using a small number of parameters27–30. However, a scalable formu-
lation for density matrix reconstruction remains elusive. In current 
approaches to generalize quantum state tomography to mixed states 
through RBM purifications25, training and manipulation introduces 
exponential scaling in any spatial dimension.

In this Article we combine elements of two state-of-the-art 
classes of algorithms to introduce a parametrization of the quantum 
state that alleviates these scaling issues. The first is the tensor net-
work paradigm, designed using well-understood underlying prin-
ciples of quantum entanglement to efficiently represent quantum 
states. The second and most important comprises generative mod-
els, a key ingredient in modern deep learning research. These mod-
els are used to understand probabilistic distributions defined over 
high-dimensional data with rich structure, in tasks such as density 
estimation, denoising, missing value imputation and sampling31. 
Generative models can be tractably defined and trained in any spa-
tial dimension, display an extraordinary expressive power32 and can 
represent highly entangled states27–29,33. We show how to reduce state 
tomography to an explicit, unsupervised learning problem using 
probabilistic models. The reduction consists of directly parametriz-
ing the outcome probabilities of a tomographically complete mea-
surement on an arbitrary state with such models. The method is 
experimentally friendly as it only requires routinely available single-
particle measurements. We show that this strategy can efficiently 
learn a variety of complex states, from paradigmatic multi-qubit 
states undergoing local noise to the ground states of local spin mod-
els in both one and two spatial dimensions. Our approach is also 
reliable as the state reconstruction can be approximately certified 
efficiently by sampling from the reconstructed distribution.

Reconstructing quantum states with  
generative models
Juan Carrasquilla" "1*, Giacomo Torlai2,3,4, Roger G. Melko2,3 and Leandro Aolita5,6

A major bottleneck in the development of scalable many-body quantum technologies is the difficulty in benchmarking state 
preparations, which suffer from an exponential ‘curse of dimensionality’ inherent to the classical description of quantum states. 
We present an experimentally friendly method for density matrix reconstruction based on neural network generative models. 
The learning procedure comes with a built-in approximate certificate of the reconstruction and makes no assumptions about 
the purity of the state under scrutiny. It can efficiently handle a broad class of complex systems including prototypical states 
in quantum information, as well as ground states of local spin models common to condensed matter physics. The key insight 
is to reduce state tomography to an unsupervised learning problem of the statistics of an informationally complete quantum 
measurement. This constitutes a modern machine learning approach to the validation of complex quantum devices, which may 
in addition prove relevant as a neural-network ansatz over mixed states suitable for variational optimization.

NATURE MACHINE INTELLIGENCE | VOL 1 | MARCH 2019 | 155–161 | www.nature.com/natmachintell 155



Reliable neural-network state tomography (artistic view)

• Parametrize probability amplitudes measurement probabilities with a NN Ansatz!

• Use informationally-complete (generalized) measurements!



Reliable neural-network state tomography (actual representation)

• Generic (mixed) states encoded in a 
probability distribution. 

• No density matrix stored. 
• Monte-Carlo estimation of observables: 

Sampling + efficient tensor contractions!

Highlights:
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J. Carrasquilla, G. Torlai, R. Melko, and L. Aolita, Reconstructing quantum states 
with generative models, Nature Machine Intelligence 1, 155 (2019).
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Numerical experiments
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AFM transverse-field Heisenberg-model ground state on a 2D lattice

Triangular lattice used

Heisenberg model

8 x 8 spin-1/2 lattice. Deep (3 layer) recurrent neural network (GRU). IC measurement: tetrahedron 
or Pauli-eigenstates:

• Model learns (FC = 0.998) wave function with complex sign structure! 
• Out of reach for MPS tomography. 
• Efficient estimation of expectation values of two-body observables.



Quantum process tomography even more challenging

G. Torlai, C. J. Wood, A. Acharya, G. Carleo, J. Carrasquilla, and LA, Quantum 
process tomography with unsupervised learning and tensor networks, 
arXiv: 2006.02424.



Process reconstruction of random quantum circuitsFIGURE 3

Epochs
<latexit sha1_base64="H4VpTVe37s9RdEoDNFQ7sfWzs4o=">AAAB93icbVDLSgNBEJz1GeMr6tHLYBA8SNgVwRwDIniMYB6QLGF2MkmGzGOd6RWXJd/hUb2IVz/Gg3/jJNmDJhY0FFXddHdFseAWfP/bW1ldW9/YLGwVt3d29/ZLB4dNqxNDWYNqoU07IpYJrlgDOAjWjg0jMhKsFY2vp37rkRnLtbqHNGahJEPFB5wScFLYBfYE2U2s6chOeqWyX/FnwMskyEkZ5aj3Sl/dvqaJZAqoINZ2Aj+GMCMGOBVsUuwmlsWEjsmQdRxVRDIbZrOjJ/jUKX080MaVAjxTf09kRFqbyug8kq5ZEhjZRXsq/ud1EhhUw4yrOAGm6HzXIBEYNJ6GgPvcMAoidYRQw925mI6IIRRcVEWXQ7D49TJpXlQCvxLcXZZr1TyRAjpGJ+gMBegK1dAtqqMGougBPaNX9Oal3ov37n3MW1e8fOYI/YH3+QNM5pN6</latexit><latexit sha1_base64="H4VpTVe37s9RdEoDNFQ7sfWzs4o=">AAAB93icbVDLSgNBEJz1GeMr6tHLYBA8SNgVwRwDIniMYB6QLGF2MkmGzGOd6RWXJd/hUb2IVz/Gg3/jJNmDJhY0FFXddHdFseAWfP/bW1ldW9/YLGwVt3d29/ZLB4dNqxNDWYNqoU07IpYJrlgDOAjWjg0jMhKsFY2vp37rkRnLtbqHNGahJEPFB5wScFLYBfYE2U2s6chOeqWyX/FnwMskyEkZ5aj3Sl/dvqaJZAqoINZ2Aj+GMCMGOBVsUuwmlsWEjsmQdRxVRDIbZrOjJ/jUKX080MaVAjxTf09kRFqbyug8kq5ZEhjZRXsq/ud1EhhUw4yrOAGm6HzXIBEYNJ6GgPvcMAoidYRQw925mI6IIRRcVEWXQ7D49TJpXlQCvxLcXZZr1TyRAjpGJ+gMBegK1dAtqqMGougBPaNX9Oal3ov37n3MW1e8fOYI/YH3+QNM5pN6</latexit><latexit sha1_base64="H4VpTVe37s9RdEoDNFQ7sfWzs4o=">AAAB93icbVDLSgNBEJz1GeMr6tHLYBA8SNgVwRwDIniMYB6QLGF2MkmGzGOd6RWXJd/hUb2IVz/Gg3/jJNmDJhY0FFXddHdFseAWfP/bW1ldW9/YLGwVt3d29/ZLB4dNqxNDWYNqoU07IpYJrlgDOAjWjg0jMhKsFY2vp37rkRnLtbqHNGahJEPFB5wScFLYBfYE2U2s6chOeqWyX/FnwMskyEkZ5aj3Sl/dvqaJZAqoINZ2Aj+GMCMGOBVsUuwmlsWEjsmQdRxVRDIbZrOjJ/jUKX080MaVAjxTf09kRFqbyug8kq5ZEhjZRXsq/ud1EhhUw4yrOAGm6HzXIBEYNJ6GgPvcMAoidYRQw925mI6IIRRcVEWXQ7D49TJpXlQCvxLcXZZr1TyRAjpGJ+gMBegK1dAtqqMGougBPaNX9Oal3ov37n3MW1e8fOYI/YH3+QNM5pN6</latexit><latexit sha1_base64="H4VpTVe37s9RdEoDNFQ7sfWzs4o=">AAAB93icbVDLSgNBEJz1GeMr6tHLYBA8SNgVwRwDIniMYB6QLGF2MkmGzGOd6RWXJd/hUb2IVz/Gg3/jJNmDJhY0FFXddHdFseAWfP/bW1ldW9/YLGwVt3d29/ZLB4dNqxNDWYNqoU07IpYJrlgDOAjWjg0jMhKsFY2vp37rkRnLtbqHNGahJEPFB5wScFLYBfYE2U2s6chOeqWyX/FnwMskyEkZ5aj3Sl/dvqaJZAqoINZ2Aj+GMCMGOBVsUuwmlsWEjsmQdRxVRDIbZrOjJ/jUKX080MaVAjxTf09kRFqbyug8kq5ZEhjZRXsq/ud1EhhUw4yrOAGm6HzXIBEYNJ6GgPvcMAoidYRQw925mI6IIRRcVEWXQ7D49TJpXlQCvxLcXZZr1TyRAjpGJ+gMBegK1dAtqqMGougBPaNX9Oal3ov37n3MW1e8fOYI/YH3+QNM5pN6</latexit>

M
<latexit sha1_base64="r+QEBRseqJY6vMw1s9V6Y33TANM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgIeFOBC0sAjY2QgLmA5Ij7G3mkiW7d8funhCO/AJLtRFbf5KF/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CR9g03AjsJAqpDAS2g/HdzG8/odI8jh7NJEFf0mHEQ86osVLjoV+uuFV3DrJKvJxUIEe9X/7qDWKWSowME1Trrucmxs+oMpwJnJZ6qcaEsjEdYtfSiErUfjY/dErOrDIgYaxsRYbM1d8TGZVaT2RwEUjbLKkZ6WV7Jv7ndVMT3vgZj5LUYMQWu8JUEBOT2eNkwBUyIyaWUKa4PZewEVWUGRtPyebgLX+9SlqXVc+teo2rSu02T6QIJ3AK5+DBNdTgHurQBAYIz/AKb450Xpx352PRWnDymWP4A+fzB4iBjdg=</latexit><latexit sha1_base64="r+QEBRseqJY6vMw1s9V6Y33TANM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgIeFOBC0sAjY2QgLmA5Ij7G3mkiW7d8funhCO/AJLtRFbf5KF/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CR9g03AjsJAqpDAS2g/HdzG8/odI8jh7NJEFf0mHEQ86osVLjoV+uuFV3DrJKvJxUIEe9X/7qDWKWSowME1Trrucmxs+oMpwJnJZ6qcaEsjEdYtfSiErUfjY/dErOrDIgYaxsRYbM1d8TGZVaT2RwEUjbLKkZ6WV7Jv7ndVMT3vgZj5LUYMQWu8JUEBOT2eNkwBUyIyaWUKa4PZewEVWUGRtPyebgLX+9SlqXVc+teo2rSu02T6QIJ3AK5+DBNdTgHurQBAYIz/AKb450Xpx352PRWnDymWP4A+fzB4iBjdg=</latexit><latexit sha1_base64="r+QEBRseqJY6vMw1s9V6Y33TANM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgIeFOBC0sAjY2QgLmA5Ij7G3mkiW7d8funhCO/AJLtRFbf5KF/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CR9g03AjsJAqpDAS2g/HdzG8/odI8jh7NJEFf0mHEQ86osVLjoV+uuFV3DrJKvJxUIEe9X/7qDWKWSowME1Trrucmxs+oMpwJnJZ6qcaEsjEdYtfSiErUfjY/dErOrDIgYaxsRYbM1d8TGZVaT2RwEUjbLKkZ6WV7Jv7ndVMT3vgZj5LUYMQWu8JUEBOT2eNkwBUyIyaWUKa4PZewEVWUGRtPyebgLX+9SlqXVc+teo2rSu02T6QIJ3AK5+DBNdTgHurQBAYIz/AKb450Xpx352PRWnDymWP4A+fzB4iBjdg=</latexit><latexit sha1_base64="r+QEBRseqJY6vMw1s9V6Y33TANM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgIeFOBC0sAjY2QgLmA5Ij7G3mkiW7d8funhCO/AJLtRFbf5KF/8ZNcoUmPhh4vDfDzLwgEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CR9g03AjsJAqpDAS2g/HdzG8/odI8jh7NJEFf0mHEQ86osVLjoV+uuFV3DrJKvJxUIEe9X/7qDWKWSowME1Trrucmxs+oMpwJnJZ6qcaEsjEdYtfSiErUfjY/dErOrDIgYaxsRYbM1d8TGZVaT2RwEUjbLKkZ6WV7Jv7ndVMT3vgZj5LUYMQWu8JUEBOT2eNkwBUyIyaWUKa4PZewEVWUGRtPyebgLX+9SlqXVc+teo2rSu02T6QIJ3AK5+DBNdTgHurQBAYIz/AKb450Xpx352PRWnDymWP4A+fzB4iBjdg=</latexit>

D = 2
<latexit sha1_base64="VDZq2nYrx1o45q5XfUrcsX3uLmc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOhFCOjBY0TzgGQJs5PZZMg8lplZIYR8gkf1Il79Ig/+jZNkD5pY0FBUddPdFSWcGev7315ubX1jcyu/XdjZ3ds/KB4eNY1KNaENorjS7QgbypmkDcssp+1EUywiTlvR6Gbmt56oNkzJRztOaCjwQLKYEWyd9HB7XekVS37ZnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/NQpOnNKH8VKu5IWzdXfExMsjBmL6CISrllgOzTL9kz8z+ukNr4KJ0wmqaWSLHbFKUdWodnrqM80JZaPHcFEM3cuIkOsMbEuoILLIVj+epU0K+XALwf31VKtmiWShxM4hXMI4BJqcAd1aACBATzDK7x5ynvx3r2PRWvOy2aO4Q+8zx9sh45K</latexit><latexit sha1_base64="VDZq2nYrx1o45q5XfUrcsX3uLmc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOhFCOjBY0TzgGQJs5PZZMg8lplZIYR8gkf1Il79Ig/+jZNkD5pY0FBUddPdFSWcGev7315ubX1jcyu/XdjZ3ds/KB4eNY1KNaENorjS7QgbypmkDcssp+1EUywiTlvR6Gbmt56oNkzJRztOaCjwQLKYEWyd9HB7XekVS37ZnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/NQpOnNKH8VKu5IWzdXfExMsjBmL6CISrllgOzTL9kz8z+ukNr4KJ0wmqaWSLHbFKUdWodnrqM80JZaPHcFEM3cuIkOsMbEuoILLIVj+epU0K+XALwf31VKtmiWShxM4hXMI4BJqcAd1aACBATzDK7x5ynvx3r2PRWvOy2aO4Q+8zx9sh45K</latexit><latexit sha1_base64="VDZq2nYrx1o45q5XfUrcsX3uLmc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOhFCOjBY0TzgGQJs5PZZMg8lplZIYR8gkf1Il79Ig/+jZNkD5pY0FBUddPdFSWcGev7315ubX1jcyu/XdjZ3ds/KB4eNY1KNaENorjS7QgbypmkDcssp+1EUywiTlvR6Gbmt56oNkzJRztOaCjwQLKYEWyd9HB7XekVS37ZnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/NQpOnNKH8VKu5IWzdXfExMsjBmL6CISrllgOzTL9kz8z+ukNr4KJ0wmqaWSLHbFKUdWodnrqM80JZaPHcFEM3cuIkOsMbEuoILLIVj+epU0K+XALwf31VKtmiWShxM4hXMI4BJqcAd1aACBATzDK7x5ynvx3r2PRWvOy2aO4Q+8zx9sh45K</latexit><latexit sha1_base64="VDZq2nYrx1o45q5XfUrcsX3uLmc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOhFCOjBY0TzgGQJs5PZZMg8lplZIYR8gkf1Il79Ig/+jZNkD5pY0FBUddPdFSWcGev7315ubX1jcyu/XdjZ3ds/KB4eNY1KNaENorjS7QgbypmkDcssp+1EUywiTlvR6Gbmt56oNkzJRztOaCjwQLKYEWyd9HB7XekVS37ZnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/NQpOnNKH8VKu5IWzdXfExMsjBmL6CISrllgOzTL9kz8z+ukNr4KJ0wmqaWSLHbFKUdWodnrqM80JZaPHcFEM3cuIkOsMbEuoILLIVj+epU0K+XALwf31VKtmiWShxM4hXMI4BJqcAd1aACBATzDK7x5ynvx3r2PRWvOy2aO4Q+8zx9sh45K</latexit>

D = 3
<latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit><latexit sha1_base64="/YRqT8+MPatxO21ma8GOpK0YkzA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9uDo5L</latexit>

D = 4
<latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6f0Uay0K2nRTP09kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+JbivlmvVPJECHMMJnEEAl1CDO6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6f0Uay0K2nRTP09kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+JbivlmvVPJECHMMJnEEAl1CDO6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6f0Uay0K2nRTP09kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+JbivlmvVPJECHMMJnEEAl1CDO6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit><latexit sha1_base64="B3Xuy0N1VDWs1s3aUBxHoEF1baw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeV3ulsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNTp2gU6f0Uay0K2nRTP09kWFhzFhE55FwzQLboVm0p+J/Xie18VWYMZmklkoy3xWnHFmFpq+jPtOUWD52BBPN3LmIDLHGxLqAii6HYPHrZdK8qAR+JbivlmvVPJECHMMJnEEAl1CDO6hDAwgM4Ble4c1T3ov37n3MW1e8fOYI/sD7/AFvlY5M</latexit>

D = 5
<latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit><latexit sha1_base64="nilvEJX1JX+b7rAnhTK7BmKHcYc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQiBPTgMaJ5QLKE2ckkGTKPZWZWCEs+waN6Ea9+kQf/xkmyB00saCiquunuimLOjPX9by+3srq2vpHfLGxt7+zuFfcPGkYlmtA6UVzpVoQN5UzSumWW01asKRYRp81odDP1m09UG6bkox3HNBR4IFmfEWyd9HB7fdEtlvyyPwNaJkFGSpCh1i1+dXqKJIJKSzg2ph34sQ1TrC0jnE4KncTQGJMRHtC2oxILasJ0duoEnTilh/pKu5IWzdTfEykWxoxFdBYJ1yywHZpFeyr+57UT278KUybjxFJJ5rv6CUdWoenrqMc0JZaPHcFEM3cuIkOsMbEuoILLIVj8epk0zsuBXw7uK6VqJUskD0dwDKcQwCVU4Q5qUAcCA3iGV3jzlPfivXsf89acl80cwh94nz9xHI5N</latexit>

D = 1
<latexit sha1_base64="oZtXMlJMay/pKXVbb6J+BnoO7RM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeB71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmp07QqVP6KFbalbRopv6eyLAwZiyi80i4ZoHt0CzaU/E/r5Pa+CrMmExSSyWZ74pTjqxC09dRn2lKLB87golm7lxEhlhjYl1ARZdDsPj1MmleVAK/EtxXy7VqnkgBjuEEziCAS6jBHdShAQQG8Ayv8OYp78V79z7mrStePnMEf+B9/gBrAI5J</latexit><latexit sha1_base64="oZtXMlJMay/pKXVbb6J+BnoO7RM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeB71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmp07QqVP6KFbalbRopv6eyLAwZiyi80i4ZoHt0CzaU/E/r5Pa+CrMmExSSyWZ74pTjqxC09dRn2lKLB87golm7lxEhlhjYl1ARZdDsPj1MmleVAK/EtxXy7VqnkgBjuEEziCAS6jBHdShAQQG8Ayv8OYp78V79z7mrStePnMEf+B9/gBrAI5J</latexit><latexit sha1_base64="oZtXMlJMay/pKXVbb6J+BnoO7RM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeB71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmp07QqVP6KFbalbRopv6eyLAwZiyi80i4ZoHt0CzaU/E/r5Pa+CrMmExSSyWZ74pTjqxC09dRn2lKLB87golm7lxEhlhjYl1ARZdDsPj1MmleVAK/EtxXy7VqnkgBjuEEziCAS6jBHdShAQQG8Ayv8OYp78V79z7mrStePnMEf+B9/gBrAI5J</latexit><latexit sha1_base64="oZtXMlJMay/pKXVbb6J+BnoO7RM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgF6EgB48RjQPSJYwO5lNhsxjmZkVwpJP8KhexKtf5MG/cZLsQRMLGoqqbrq7ooQzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upn6rSeqDVPy0Y4TGgo8kCxmBFsnPdxeB71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmp07QqVP6KFbalbRopv6eyLAwZiyi80i4ZoHt0CzaU/E/r5Pa+CrMmExSSyWZ74pTjqxC09dRn2lKLB87golm7lxEhlhjYl1ARZdDsPj1MmleVAK/EtxXy7VqnkgBjuEEziCAS6jBHdShAQQG8Ayv8OYp78V79z7mrStePnMEf+B9/gBrAI5J</latexit>

a

d

CX
<latexit sha1_base64="xA+l+hD7UQGtEqpf29mFoaaIQgE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQYyMVjRPOAZAmzk9lkyDyWmVkhLPkEj+pFvPpFHvwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqJJY+53nqg2TMlHO01oKPBIspgRbJ300Bh0B+WKX/UXQOskyEkFcjQH5a/+UJFUUGkJx8b0Aj+xYYa1ZYTTWamfGppgMsEj2nNUYkFNmC1OnaELpwxRrLQradFC/T2RYWHMVERXkXDNAtuxWbXn4n9eL7XxbZgxmaSWSrLcFaccWYXmr6Mh05RYPnUEE83cuYiMscbEuoBKLodg9et10r6uBn41uK9V6rU8kSKcwTlcQgA3UIc7aEILCIzgGV7hzVPei/fufSxbC14+cwp/4H3+ANkYjpE=</latexit><latexit sha1_base64="xA+l+hD7UQGtEqpf29mFoaaIQgE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQYyMVjRPOAZAmzk9lkyDyWmVkhLPkEj+pFvPpFHvwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqJJY+53nqg2TMlHO01oKPBIspgRbJ300Bh0B+WKX/UXQOskyEkFcjQH5a/+UJFUUGkJx8b0Aj+xYYa1ZYTTWamfGppgMsEj2nNUYkFNmC1OnaELpwxRrLQradFC/T2RYWHMVERXkXDNAtuxWbXn4n9eL7XxbZgxmaSWSrLcFaccWYXmr6Mh05RYPnUEE83cuYiMscbEuoBKLodg9et10r6uBn41uK9V6rU8kSKcwTlcQgA3UIc7aEILCIzgGV7hzVPei/fufSxbC14+cwp/4H3+ANkYjpE=</latexit><latexit sha1_base64="xA+l+hD7UQGtEqpf29mFoaaIQgE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQYyMVjRPOAZAmzk9lkyDyWmVkhLPkEj+pFvPpFHvwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqJJY+53nqg2TMlHO01oKPBIspgRbJ300Bh0B+WKX/UXQOskyEkFcjQH5a/+UJFUUGkJx8b0Aj+xYYa1ZYTTWamfGppgMsEj2nNUYkFNmC1OnaELpwxRrLQradFC/T2RYWHMVERXkXDNAtuxWbXn4n9eL7XxbZgxmaSWSrLcFaccWYXmr6Mh05RYPnUEE83cuYiMscbEuoBKLodg9et10r6uBn41uK9V6rU8kSKcwTlcQgA3UIc7aEILCIzgGV7hzVPei/fufSxbC14+cwp/4H3+ANkYjpE=</latexit><latexit sha1_base64="xA+l+hD7UQGtEqpf29mFoaaIQgE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQYyMVjRPOAZAmzk9lkyDyWmVkhLPkEj+pFvPpFHvwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqJJY+53nqg2TMlHO01oKPBIspgRbJ300Bh0B+WKX/UXQOskyEkFcjQH5a/+UJFUUGkJx8b0Aj+xYYa1ZYTTWamfGppgMsEj2nNUYkFNmC1OnaELpwxRrLQradFC/T2RYWHMVERXkXDNAtuxWbXn4n9eL7XxbZgxmaSWSrLcFaccWYXmr6Mh05RYPnUEE83cuYiMscbEuoBKLodg9et10r6uBn41uK9V6rU8kSKcwTlcQgA3UIc7aEILCIzgGV7hzVPei/fufSxbC14+cwp/4H3+ANkYjpE=</latexit>

R(�)
<latexit sha1_base64="InaAxVvgxLlJ/DfzU0NwjFKPvY8=">AAAB9nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeix4MVjFfsB3aVk02wbmmSXJCuWpX/Do3oRr/4ZD/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Gbmdx6p0iyWD2aS0EDgoWQRI9hYyb+v+qHI/GTEpuf9csWtuXOgVeLlpAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un6MwqAxTFypY0aK7+nsiw0HoiwotQ2GaBzUgv2zPxP6+Xmug6yJhMUkMlWeyKUo5MjGYZoAFTlBg+sQQTxey5iIywwsTYpEo2B2/561XSvqx5bs27q1ca9TyRIpzAKVTBgytowC00oQUEEniGV3hznpwX5935WLQWnHzmGP7A+fwBcdiSVA==</latexit><latexit sha1_base64="InaAxVvgxLlJ/DfzU0NwjFKPvY8=">AAAB9nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeix4MVjFfsB3aVk02wbmmSXJCuWpX/Do3oRr/4ZD/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Gbmdx6p0iyWD2aS0EDgoWQRI9hYyb+v+qHI/GTEpuf9csWtuXOgVeLlpAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un6MwqAxTFypY0aK7+nsiw0HoiwotQ2GaBzUgv2zPxP6+Xmug6yJhMUkMlWeyKUo5MjGYZoAFTlBg+sQQTxey5iIywwsTYpEo2B2/561XSvqx5bs27q1ca9TyRIpzAKVTBgytowC00oQUEEniGV3hznpwX5935WLQWnHzmGP7A+fwBcdiSVA==</latexit><latexit sha1_base64="InaAxVvgxLlJ/DfzU0NwjFKPvY8=">AAAB9nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeix4MVjFfsB3aVk02wbmmSXJCuWpX/Do3oRr/4ZD/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Gbmdx6p0iyWD2aS0EDgoWQRI9hYyb+v+qHI/GTEpuf9csWtuXOgVeLlpAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un6MwqAxTFypY0aK7+nsiw0HoiwotQ2GaBzUgv2zPxP6+Xmug6yJhMUkMlWeyKUo5MjGYZoAFTlBg+sQQTxey5iIywwsTYpEo2B2/561XSvqx5bs27q1ca9TyRIpzAKVTBgytowC00oQUEEniGV3hznpwX5935WLQWnHzmGP7A+fwBcdiSVA==</latexit><latexit sha1_base64="InaAxVvgxLlJ/DfzU0NwjFKPvY8=">AAAB9nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeix4MVjFfsB3aVk02wbmmSXJCuWpX/Do3oRr/4ZD/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Gbmdx6p0iyWD2aS0EDgoWQRI9hYyb+v+qHI/GTEpuf9csWtuXOgVeLlpAI5mv3ylz+ISSqoNIRjrXuem5ggw8owwum05KeaJpiM8ZD2LJVYUB1k85un6MwqAxTFypY0aK7+nsiw0HoiwotQ2GaBzUgv2zPxP6+Xmug6yJhMUkMlWeyKUo5MjGYZoAFTlBg+sQQTxey5iIywwsTYpEo2B2/561XSvqx5bs27q1ca9TyRIpzAKVTBgytowC00oQUEEniGV3hznpwX5935WLQWnHzmGP7A+fwBcdiSVA==</latexit>

b

c e

f

1� F(⇤#,⇤E)
<latexit sha1_base64="2JmTzuplki6PvcTsBrtDI51EBoE="></latexit><latexit sha1_base64="6gxLNq0s2Q9mYhSJSuN7IrigWwg="></latexit><latexit sha1_base64="6gxLNq0s2Q9mYhSJSuN7IrigWwg="></latexit><latexit sha1_base64="SRxKl0trIfCWICINaV235nrR69I="></latexit>

1� F(⇤#,⇤E)
<latexit sha1_base64="2JmTzuplki6PvcTsBrtDI51EBoE="></latexit><latexit sha1_base64="6gxLNq0s2Q9mYhSJSuN7IrigWwg="></latexit><latexit sha1_base64="6gxLNq0s2Q9mYhSJSuN7IrigWwg="></latexit><latexit sha1_base64="SRxKl0trIfCWICINaV235nrR69I="></latexit>

4⇥ 104
<latexit sha1_base64="I4MEFC0i0vYE5WV6X8dsqqwgfdA=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMyIAuC25cVrAXmI4lk2ba0CQzJGeUMvQxXKobcevTuPBtTNtZaOsPgY//nMM5+aNUcAOu++2U1tY3NrfK25Wd3b39g+rhUdskmaasRROR6G5EDBNcsRZwEKybakZkJFgnGt/M6p1Hpg1P1D1MUhZKMlQ85pSAtQK/B1wy47kPfr9ac+vuXHgVvAJqqFCzX/3qDRKaSaaACmJM4LkphDnRwKlg00ovMywldEyGLLCoiF0U5vOTp/jMOgMcJ9o+BXju/p7IiTRmIqOLSNpmSWBklssz879akEF8HeZcpRkwRRe74kxgSPAsAjzgmlEQEwuEam7PxXRENKFgg6rYHLzlX69C+7LuWb7zaw2/SKSMTtApOkceukINdIuaqIUoStAzekVvzpPz4rw7H4vWklPMHKM/cj5/ACazkYw=</latexit><latexit sha1_base64="I4MEFC0i0vYE5WV6X8dsqqwgfdA=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMyIAuC25cVrAXmI4lk2ba0CQzJGeUMvQxXKobcevTuPBtTNtZaOsPgY//nMM5+aNUcAOu++2U1tY3NrfK25Wd3b39g+rhUdskmaasRROR6G5EDBNcsRZwEKybakZkJFgnGt/M6p1Hpg1P1D1MUhZKMlQ85pSAtQK/B1wy47kPfr9ac+vuXHgVvAJqqFCzX/3qDRKaSaaACmJM4LkphDnRwKlg00ovMywldEyGLLCoiF0U5vOTp/jMOgMcJ9o+BXju/p7IiTRmIqOLSNpmSWBklssz879akEF8HeZcpRkwRRe74kxgSPAsAjzgmlEQEwuEam7PxXRENKFgg6rYHLzlX69C+7LuWb7zaw2/SKSMTtApOkceukINdIuaqIUoStAzekVvzpPz4rw7H4vWklPMHKM/cj5/ACazkYw=</latexit><latexit sha1_base64="I4MEFC0i0vYE5WV6X8dsqqwgfdA=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMyIAuC25cVrAXmI4lk2ba0CQzJGeUMvQxXKobcevTuPBtTNtZaOsPgY//nMM5+aNUcAOu++2U1tY3NrfK25Wd3b39g+rhUdskmaasRROR6G5EDBNcsRZwEKybakZkJFgnGt/M6p1Hpg1P1D1MUhZKMlQ85pSAtQK/B1wy47kPfr9ac+vuXHgVvAJqqFCzX/3qDRKaSaaACmJM4LkphDnRwKlg00ovMywldEyGLLCoiF0U5vOTp/jMOgMcJ9o+BXju/p7IiTRmIqOLSNpmSWBklssz879akEF8HeZcpRkwRRe74kxgSPAsAjzgmlEQEwuEam7PxXRENKFgg6rYHLzlX69C+7LuWb7zaw2/SKSMTtApOkceukINdIuaqIUoStAzekVvzpPz4rw7H4vWklPMHKM/cj5/ACazkYw=</latexit><latexit sha1_base64="I4MEFC0i0vYE5WV6X8dsqqwgfdA=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMyIAuC25cVrAXmI4lk2ba0CQzJGeUMvQxXKobcevTuPBtTNtZaOsPgY//nMM5+aNUcAOu++2U1tY3NrfK25Wd3b39g+rhUdskmaasRROR6G5EDBNcsRZwEKybakZkJFgnGt/M6p1Hpg1P1D1MUhZKMlQ85pSAtQK/B1wy47kPfr9ac+vuXHgVvAJqqFCzX/3qDRKaSaaACmJM4LkphDnRwKlg00ovMywldEyGLLCoiF0U5vOTp/jMOgMcJ9o+BXju/p7IiTRmIqOLSNpmSWBklssz879akEF8HeZcpRkwRRe74kxgSPAsAjzgmlEQEwuEam7PxXRENKFgg6rYHLzlX69C+7LuWb7zaw2/SKSMTtApOkceukINdIuaqIUoStAzekVvzpPz4rw7H4vWklPMHKM/cj5/ACazkYw=</latexit>

8⇥ 104
<latexit sha1_base64="lOfpzH0oYXMrTMhRIXCwQouzawo=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF1JmpGCXBTcuK9gLTMeSSTNtaC5DklFK6WO4VDfi1qdx4duYtrPQ1h8CH/85h3Pyxylnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ZlmtAmUVzpTowN5UzSpmWW006qKRYxp+14dDOrtx+pNkzJeztOaSTwQLKEEWydFda6lglqAv+h2iuV/Yo/F1qFIIcy5Gr0Sl/dviKZoNISjo0JAz+10QRrywin02I3MzTFZIQHNHQosVsUTeYnT9G5c/ooUdo9adHc/T0xwcKYsYgvY+GaBbZDs1yemf/VwswmtWjCZJpZKsliV5JxZBWaRYD6TFNi+dgBJpq5cxEZYo2JdUEVXQ7B8q9XoXVVCRzfVcv1ap5IAU7hDC4ggGuowy00oAkEFDzDK7x5T96L9+59LFrXvHzmBP7I+/wBLPeRkA==</latexit><latexit sha1_base64="lOfpzH0oYXMrTMhRIXCwQouzawo=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF1JmpGCXBTcuK9gLTMeSSTNtaC5DklFK6WO4VDfi1qdx4duYtrPQ1h8CH/85h3Pyxylnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ZlmtAmUVzpTowN5UzSpmWW006qKRYxp+14dDOrtx+pNkzJeztOaSTwQLKEEWydFda6lglqAv+h2iuV/Yo/F1qFIIcy5Gr0Sl/dviKZoNISjo0JAz+10QRrywin02I3MzTFZIQHNHQosVsUTeYnT9G5c/ooUdo9adHc/T0xwcKYsYgvY+GaBbZDs1yemf/VwswmtWjCZJpZKsliV5JxZBWaRYD6TFNi+dgBJpq5cxEZYo2JdUEVXQ7B8q9XoXVVCRzfVcv1ap5IAU7hDC4ggGuowy00oAkEFDzDK7x5T96L9+59LFrXvHzmBP7I+/wBLPeRkA==</latexit><latexit sha1_base64="lOfpzH0oYXMrTMhRIXCwQouzawo=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF1JmpGCXBTcuK9gLTMeSSTNtaC5DklFK6WO4VDfi1qdx4duYtrPQ1h8CH/85h3Pyxylnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ZlmtAmUVzpTowN5UzSpmWW006qKRYxp+14dDOrtx+pNkzJeztOaSTwQLKEEWydFda6lglqAv+h2iuV/Yo/F1qFIIcy5Gr0Sl/dviKZoNISjo0JAz+10QRrywin02I3MzTFZIQHNHQosVsUTeYnT9G5c/ooUdo9adHc/T0xwcKYsYgvY+GaBbZDs1yemf/VwswmtWjCZJpZKsliV5JxZBWaRYD6TFNi+dgBJpq5cxEZYo2JdUEVXQ7B8q9XoXVVCRzfVcv1ap5IAU7hDC4ggGuowy00oAkEFDzDK7x5T96L9+59LFrXvHzmBP7I+/wBLPeRkA==</latexit><latexit sha1_base64="lOfpzH0oYXMrTMhRIXCwQouzawo=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF1JmpGCXBTcuK9gLTMeSSTNtaC5DklFK6WO4VDfi1qdx4duYtrPQ1h8CH/85h3Pyxylnxvr+t7e2vrG5tV3YKe7u7R8clo6OW0ZlmtAmUVzpTowN5UzSpmWW006qKRYxp+14dDOrtx+pNkzJeztOaSTwQLKEEWydFda6lglqAv+h2iuV/Yo/F1qFIIcy5Gr0Sl/dviKZoNISjo0JAz+10QRrywin02I3MzTFZIQHNHQosVsUTeYnT9G5c/ooUdo9adHc/T0xwcKYsYgvY+GaBbZDs1yemf/VwswmtWjCZJpZKsliV5JxZBWaRYD6TFNi+dgBJpq5cxEZYo2JdUEVXQ7B8q9XoXVVCRzfVcv1ap5IAU7hDC4ggGuowy00oAkEFDzDK7x5T96L9+59LFrXvHzmBP7I+/wBLPeRkA==</latexit>

1.2⇥ 105
<latexit sha1_base64="fI0L7cebRQhsGkFnXvl2J3i/4AE=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyUyq6LLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weRmVu88UaVZJO9NGlNf4JFkISPYWMv3qrW+YYJqz324HJQrbtWdC62Cl0MFcjUH5a/+MCKJoNIQjrXueW5s/Awrwwin01I/0TTGZIJHtGdRYrvIz+ZHT9GZdYYojJR90qC5+3siw0LrVAQXgbDNApuxXi7PzP9qvcSE137GZJwYKsliV5hwZCI0CwENmaLE8NQCJorZcxEZY4WJsVGVbA7e8q9XoV2repbv6pVGPU+kCCdwCufgwRU04Baa0AICj/AMr/DmpM6L8+58LFoLTj5zDH/kfP4ABH6R/g==</latexit><latexit sha1_base64="fI0L7cebRQhsGkFnXvl2J3i/4AE=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyUyq6LLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weRmVu88UaVZJO9NGlNf4JFkISPYWMv3qrW+YYJqz324HJQrbtWdC62Cl0MFcjUH5a/+MCKJoNIQjrXueW5s/Awrwwin01I/0TTGZIJHtGdRYrvIz+ZHT9GZdYYojJR90qC5+3siw0LrVAQXgbDNApuxXi7PzP9qvcSE137GZJwYKsliV5hwZCI0CwENmaLE8NQCJorZcxEZY4WJsVGVbA7e8q9XoV2repbv6pVGPU+kCCdwCufgwRU04Baa0AICj/AMr/DmpM6L8+58LFoLTj5zDH/kfP4ABH6R/g==</latexit><latexit sha1_base64="fI0L7cebRQhsGkFnXvl2J3i/4AE=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyUyq6LLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weRmVu88UaVZJO9NGlNf4JFkISPYWMv3qrW+YYJqz324HJQrbtWdC62Cl0MFcjUH5a/+MCKJoNIQjrXueW5s/Awrwwin01I/0TTGZIJHtGdRYrvIz+ZHT9GZdYYojJR90qC5+3siw0LrVAQXgbDNApuxXi7PzP9qvcSE137GZJwYKsliV5hwZCI0CwENmaLE8NQCJorZcxEZY4WJsVGVbA7e8q9XoV2repbv6pVGPU+kCCdwCufgwRU04Baa0AICj/AMr/DmpM6L8+58LFoLTj5zDH/kfP4ABH6R/g==</latexit><latexit sha1_base64="fI0L7cebRQhsGkFnXvl2J3i/4AE=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyUyq6LLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weRmVu88UaVZJO9NGlNf4JFkISPYWMv3qrW+YYJqz324HJQrbtWdC62Cl0MFcjUH5a/+MCKJoNIQjrXueW5s/Awrwwin01I/0TTGZIJHtGdRYrvIz+ZHT9GZdYYojJR90qC5+3siw0LrVAQXgbDNApuxXi7PzP9qvcSE137GZJwYKsliV5hwZCI0CwENmaLE8NQCJorZcxEZY4WJsVGVbA7e8q9XoV2repbv6pVGPU+kCCdwCufgwRU04Baa0AICj/AMr/DmpM6L8+58LFoLTj5zDH/kfP4ABH6R/g==</latexit>

1.6⇥ 105
<latexit sha1_base64="ay87Tvtsa/UrKs7zS/dpDKYTsWw=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyI/WyLLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YOYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhmWm8/UaVZJO9NGlNf4KFkISPYWMv3qpc9wwTVnvtw0S9X3Ko7E1oGL4cK5Gr0y1+9QUQSQaUhHGvd9dzY+BlWhhFOJ6VeommMyRgPadeixHaRn82OnqAT6wxQGCn7pEEz9/dEhoXWqQjOAmGbBTYjvViemv/VuokJr/2MyTgxVJL5rjDhyERoGgIaMEWJ4akFTBSz5yIywgoTY6Mq2Ry8xV8vQ+u86lm+q1XqtTyRIhzBMZyCB1dQh1toQBMIPMIzvMKbkzovzrvzMW8tOPnMIfyR8/kDCsKSAg==</latexit><latexit sha1_base64="ay87Tvtsa/UrKs7zS/dpDKYTsWw=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyI/WyLLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YOYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhmWm8/UaVZJO9NGlNf4KFkISPYWMv3qpc9wwTVnvtw0S9X3Ko7E1oGL4cK5Gr0y1+9QUQSQaUhHGvd9dzY+BlWhhFOJ6VeommMyRgPadeixHaRn82OnqAT6wxQGCn7pEEz9/dEhoXWqQjOAmGbBTYjvViemv/VuokJr/2MyTgxVJL5rjDhyERoGgIaMEWJ4akFTBSz5yIywgoTY6Mq2Ry8xV8vQ+u86lm+q1XqtTyRIhzBMZyCB1dQh1toQBMIPMIzvMKbkzovzrvzMW8tOPnMIfyR8/kDCsKSAg==</latexit><latexit sha1_base64="ay87Tvtsa/UrKs7zS/dpDKYTsWw=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyI/WyLLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YOYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhmWm8/UaVZJO9NGlNf4KFkISPYWMv3qpc9wwTVnvtw0S9X3Ko7E1oGL4cK5Gr0y1+9QUQSQaUhHGvd9dzY+BlWhhFOJ6VeommMyRgPadeixHaRn82OnqAT6wxQGCn7pEEz9/dEhoXWqQjOAmGbBTYjvViemv/VuokJr/2MyTgxVJL5rjDhyERoGgIaMEWJ4akFTBSz5yIywgoTY6Mq2Ry8xV8vQ+u86lm+q1XqtTyRIhzBMZyCB1dQh1toQBMIPMIzvMKbkzovzrvzMW8tOPnMIfyR8/kDCsKSAg==</latexit><latexit sha1_base64="ay87Tvtsa/UrKs7zS/dpDKYTsWw=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuJAyI/WyLLhxWcFeoB1LJs20oUlmTDLCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YOYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhmWm8/UaVZJO9NGlNf4KFkISPYWMv3qpc9wwTVnvtw0S9X3Ko7E1oGL4cK5Gr0y1+9QUQSQaUhHGvd9dzY+BlWhhFOJ6VeommMyRgPadeixHaRn82OnqAT6wxQGCn7pEEz9/dEhoXWqQjOAmGbBTYjvViemv/VuokJr/2MyTgxVJL5rjDhyERoGgIaMEWJ4akFTBSz5yIywgoTY6Mq2Ry8xV8vQ+u86lm+q1XqtTyRIhzBMZyCB1dQh1toQBMIPMIzvMKbkzovzrvzMW8tOPnMIfyR8/kDCsKSAg==</latexit>

2.0⇥ 105
<latexit sha1_base64="0vagpgDYzNz5gPSCvT+Q9NEeG78=">AAAB93icbZDLSgMxFIYz9VbrrerSTbAILqTMlIouC25cVrAXaMeSSTNtaJIZkzPCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YNYcAOu++0U1tY3NreK26Wd3b39g/LhUdtEiaasRSMR6W5ADBNcsRZwEKwba0ZkIFgnmNzM6p0npg2P1D2kMfMlGSkeckrAWn6t6vaBS2Y89+FyUK64VXcuvApeDhWUqzkof/WHEU0kU0AFMabnuTH4GdHAqWDTUj8xLCZ0QkasZ1ERu8jP5kdP8Zl1hjiMtH0K8Nz9PZERaUwqg4tA2mZJYGyWyzPzv1ovgfDaz7iKE2CKLnaFicAQ4VkIeMg1oyBSC4Rqbs/FdEw0oWCjKtkcvOVfr0K7VvUs39UrjXqeSBGdoFN0jjx0hRroFjVRC1H0iJ7RK3pzUufFeXc+Fq0FJ585Rn/kfP4AAu+R/Q==</latexit><latexit sha1_base64="0vagpgDYzNz5gPSCvT+Q9NEeG78=">AAAB93icbZDLSgMxFIYz9VbrrerSTbAILqTMlIouC25cVrAXaMeSSTNtaJIZkzPCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YNYcAOu++0U1tY3NreK26Wd3b39g/LhUdtEiaasRSMR6W5ADBNcsRZwEKwba0ZkIFgnmNzM6p0npg2P1D2kMfMlGSkeckrAWn6t6vaBS2Y89+FyUK64VXcuvApeDhWUqzkof/WHEU0kU0AFMabnuTH4GdHAqWDTUj8xLCZ0QkasZ1ERu8jP5kdP8Zl1hjiMtH0K8Nz9PZERaUwqg4tA2mZJYGyWyzPzv1ovgfDaz7iKE2CKLnaFicAQ4VkIeMg1oyBSC4Rqbs/FdEw0oWCjKtkcvOVfr0K7VvUs39UrjXqeSBGdoFN0jjx0hRroFjVRC1H0iJ7RK3pzUufFeXc+Fq0FJ585Rn/kfP4AAu+R/Q==</latexit><latexit sha1_base64="0vagpgDYzNz5gPSCvT+Q9NEeG78=">AAAB93icbZDLSgMxFIYz9VbrrerSTbAILqTMlIouC25cVrAXaMeSSTNtaJIZkzPCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YNYcAOu++0U1tY3NreK26Wd3b39g/LhUdtEiaasRSMR6W5ADBNcsRZwEKwba0ZkIFgnmNzM6p0npg2P1D2kMfMlGSkeckrAWn6t6vaBS2Y89+FyUK64VXcuvApeDhWUqzkof/WHEU0kU0AFMabnuTH4GdHAqWDTUj8xLCZ0QkasZ1ERu8jP5kdP8Zl1hjiMtH0K8Nz9PZERaUwqg4tA2mZJYGyWyzPzv1ovgfDaz7iKE2CKLnaFicAQ4VkIeMg1oyBSC4Rqbs/FdEw0oWCjKtkcvOVfr0K7VvUs39UrjXqeSBGdoFN0jjx0hRroFjVRC1H0iJ7RK3pzUufFeXc+Fq0FJ585Rn/kfP4AAu+R/Q==</latexit><latexit sha1_base64="0vagpgDYzNz5gPSCvT+Q9NEeG78=">AAAB93icbZDLSgMxFIYz9VbrrerSTbAILqTMlIouC25cVrAXaMeSSTNtaJIZkzPCMPQ5XKobcevDuPBtTNtZaOsPgY//nMM5+YNYcAOu++0U1tY3NreK26Wd3b39g/LhUdtEiaasRSMR6W5ADBNcsRZwEKwba0ZkIFgnmNzM6p0npg2P1D2kMfMlGSkeckrAWn6t6vaBS2Y89+FyUK64VXcuvApeDhWUqzkof/WHEU0kU0AFMabnuTH4GdHAqWDTUj8xLCZ0QkasZ1ERu8jP5kdP8Zl1hjiMtH0K8Nz9PZERaUwqg4tA2mZJYGyWyzPzv1ovgfDaz7iKE2CKLnaFicAQ4VkIeMg1oyBSC4Rqbs/FdEw0oWCjKtkcvOVfr0K7VvUs39UrjXqeSBGdoFN0jjx0hRroFjVRC1H0iJ7RK3pzUufFeXc+Fq0FJ585Rn/kfP4AAu+R/Q==</latexit>

M =
<latexit sha1_base64="5vFYbcZnwZnvYSls5pSoNbZOMks=">AAAB7HicbZDLSgMxFIbPeK31VnXpJlgEF1JmpKAboeDGjVDFXqAdSibNtKG5DElGKEPfwKW6Ebe+kQvfxrSdhbb+EPj4zznknD9KODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaObab31RLVhSj7acUJDgQeSxYxg66yHu+teqexX/JnQMgQ5lCFXvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdhxILasJstukEnTqnj2Kl3ZMWzdzfExkWxoxFdB4J1yywHZrF8tT8r9ZJbXwVZkwmqaWSzP+KU46sQtPLUZ9pSiwfO8BEM7cuIkOsMbEun6LLIVi8ehmaF5XA8X21XKvmiRTgGE7gDAK4hBrcQh0aQCCGZ3iFN096L9679zFvXfHymSP4I+/zBwiJjhc=</latexit><latexit sha1_base64="5vFYbcZnwZnvYSls5pSoNbZOMks=">AAAB7HicbZDLSgMxFIbPeK31VnXpJlgEF1JmpKAboeDGjVDFXqAdSibNtKG5DElGKEPfwKW6Ebe+kQvfxrSdhbb+EPj4zznknD9KODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaObab31RLVhSj7acUJDgQeSxYxg66yHu+teqexX/JnQMgQ5lCFXvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdhxILasJstukEnTqnj2Kl3ZMWzdzfExkWxoxFdB4J1yywHZrF8tT8r9ZJbXwVZkwmqaWSzP+KU46sQtPLUZ9pSiwfO8BEM7cuIkOsMbEun6LLIVi8ehmaF5XA8X21XKvmiRTgGE7gDAK4hBrcQh0aQCCGZ3iFN096L9679zFvXfHymSP4I+/zBwiJjhc=</latexit><latexit sha1_base64="5vFYbcZnwZnvYSls5pSoNbZOMks=">AAAB7HicbZDLSgMxFIbPeK31VnXpJlgEF1JmpKAboeDGjVDFXqAdSibNtKG5DElGKEPfwKW6Ebe+kQvfxrSdhbb+EPj4zznknD9KODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaObab31RLVhSj7acUJDgQeSxYxg66yHu+teqexX/JnQMgQ5lCFXvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdhxILasJstukEnTqnj2Kl3ZMWzdzfExkWxoxFdB4J1yywHZrF8tT8r9ZJbXwVZkwmqaWSzP+KU46sQtPLUZ9pSiwfO8BEM7cuIkOsMbEun6LLIVi8ehmaF5XA8X21XKvmiRTgGE7gDAK4hBrcQh0aQCCGZ3iFN096L9679zFvXfHymSP4I+/zBwiJjhc=</latexit><latexit sha1_base64="5vFYbcZnwZnvYSls5pSoNbZOMks=">AAAB7HicbZDLSgMxFIbPeK31VnXpJlgEF1JmpKAboeDGjVDFXqAdSibNtKG5DElGKEPfwKW6Ebe+kQvfxrSdhbb+EPj4zznknD9KODPW97+9ldW19Y3NwlZxe2d3b790cNg0KtWENojiSrcjbChnkjYss5y2E02xiDhtRaObab31RLVhSj7acUJDgQeSxYxg66yHu+teqexX/JnQMgQ5lCFXvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdhxILasJstukEnTqnj2Kl3ZMWzdzfExkWxoxFdB4J1yywHZrF8tT8r9ZJbXwVZkwmqaWSzP+KU46sQtPLUZ9pSiwfO8BEM7cuIkOsMbEun6LLIVi8ehmaF5XA8X21XKvmiRTgGE7gDAK4hBrcQh0aQCCGZ3iFN096L9679zFvXfHymSP4I+/zBwiJjhc=</latexit>

Infidelities

# measurements 

Circuit depth

• Random quantum circuits are computationally hard. 
• Tensor-network generative model learns the processes for N=10 qubits and depth D=5. 
• Previous reconstructions: simple gates involving only N=3 qubits. 
• Full process tomography for N=10 would require ~1012 settings!



Runtime scalings of quantum process learning

Reconstruction fidelity versus classical processing time for a 10-qubit depth-5 random quantum 
circuit (on a laptop!), data size M=100 k samples:

In order to give a example of wall time, we have re-run one instance of the numerical experiments 
presented in the paper, using a more efficient and optimized version of our code implementation, which is 
available (in pre-release) as an open-source Julia package (https://github.com/GTorlai/PastaQ.jl). 
Specifically, we carried out the process tomography of a 1D random quantum circuit with 10 qubits and 
depth 10. In the plot below, we show the fidelity as a function of the wall time, using a MacBook Pro 
(2018) 2.9GHz 6-core Intel Core i9 with 32 GB memory. You can observe that the reconstruction 
procedure is indeed quite fast, reaching high fidelities in just a few minutes. Depending on the desired 
accuracy, a longer training may be required.

Center for Computational Quantum Physics
Flatiron Institute
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Part I´s Conclusions:

• Idea: neural Ansatz for the measurement statistics:

1. Record-breaking performances for state and process reconstructions.

2. Unsupervised learning + tensor networks + Monte-Carlo.

3. Efficient estimation of observables (state bypassed!)

4. Noise characterisations useful for error-correction schemes.

J. Carrasquilla, G. Torlai, R. Melko, and L. Aolita, Reconstructing quantum states 
with generative models, Nature Machine Intelligence 1, 155 (2019).

G. Torlai, C. J. Wood, A. Acharya, G. Carleo, J. Carrasquilla, and LA, Quantum process 
tomography with unsupervised learning and tensor networks, arXiv: 2006.02424.



Part II: simulations of quantum circuits



A machine-learning amenable formulation of quantum 
mechanics 

J. Carrasquilla, D. Luo, F. Pérez, A. Milstead, B. K. Clark, M. Volkovs, and LA, 
Probabilistic Simulation of Quantum Circuits with the Transformer, 
arXiv: 1912.11052.



A probabilistic formulation of quantum dynamics

Algorithm: Given a state’s distribution, sample from the updated distribution after a local circuit 
gate. Then, learn the representation of the updated state from those samples.

Exact state 
evolution

Approximate model 
representation 

Exact gate on approximate 
(model-learned) state 



Classical simulation of quantum circuits with “the Transformer”

The Transformer: powerful generative model with a tractable probability distribution and that 
allows for exact sampling.

Fidelities for GHZ and graph state circuits

• Exact sampling and tractable distributions significantly simplifies computations (no Monte-
Carlo Markov chain required!). 

• Only a proof-of-principle, optimisations for considerable efficiency increase possible.



Forwards
An alternative 
we did not 
expect

An alternative 
we did not 
anticipate



Quantum states encoded on neuromorphic circuits

S. Czischek, A. Baumbach, S. Billaudelle, B. Cramer, L. Kades, J. M. Pawlowski, M. 
Oberthaler, J. Schemmel, M. A. Petrovici, T. Gasenzer, and M. Gärttner, Spiking 
neuromorphic chip learns entangled quantum states, arXiv: 2008.01039.



For neural-network software, better use neuromorphic hardware!

Structural and dynamical properties of biological neuronal networks with the aim of inheriting 
the brain’s functional performance and energy efficiency.  

Brain-like architectures 
and neural-tailored devices 

will allow for smarter 
algorithms 

Neuromorphic 
device 

von Neumann 
computer 



Spiking neural network learns quantum entanglement

• Approximate MC Markov chains, albeit with different dynamics from standard methods. 
• Accelerated analog circuit dynamics: faster sampling than with von-Neumann computers. 
• Parallel nature brings scaling benefits: better dependence of mixing time with network size. 
• Neuromorphic RBM network successfully encodes GHZ states of N=4 qubits!

BrainScaleS-2 device: 512 LIF neurons, 
configurable interaction-weight matrix. 

Communication through spikes.



Part II´s Conclusions:

• Idea: sequentially learn the updated state’s distribution gate by gate
1. Transformer generative model simulates non-trivial quantum circuits;
2.Concept demonstration only, efficiency optimisations in place.

J. Carrasquilla, D. Luo, F. Pérez, A. Milstead, B. K. Clark, M. Volkovs, and LA, 
Probabilistic Simulation of Quantum Circuits with the Transformer, arXiv: 
1912.11052.

S. Czischek, A. Baumbach, S. Billaudelle, B. Cramer, L. Kades, J. M. Pawlowski, M. 
Oberthaler, J. Schemmel, M. A. Petrovici, T. Gasenzer, and M. Gärttner, Spiking 
neuromorphic chip learns entangled quantum states, arXiv: 2008.01039.

• Exciting possibility: generative modelling with neuromorphic architectures
1. Proof-of-principle encoding of genuine 4-partite entangled states;
2.Exploit sampling advantages for complex quantum simulations? 



Part III: application to NISQ computations 
(work in progress)



The SWAP test: a crucial quantum computing primitive

Controlled SWAP 
(Fredkin gate)
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FIG. 2: Swap Test circuits. (A) The canonical Swap Test
circuit. H indicates the Hadamard gate. (B) The Swap Test
circuit adapted for IBM’s 5-qubit quantum computer, con-
structed by decomposing controlled-swap into the Toffoli gate,
via Refs. [34, 35], and then manually eliminating gates that
had no effect on the output. T is the ⇡/8 phase gate. (C)
The structure of a Swap Test circuit, showing the locations of
the one-qubit gates and controlled-Z gates, constructed au-
tomatically by Rigetti’s compiler for their 19-qubit quantum
computer. Appendix A gives the full specification of that
circuit.

algorithms on Rigetti’s and IBM’s quantum computers,
leading to a reduction in the computational error relative
to the Swap Test.

II. MACHINE-LEARNING APPROACH

Our machine-learning approach is summarized in
Fig. 1. The variables are divided up into the hyper-
parameters (i.e. the “resources”) and the optimization
parameters (i.e. the “algorithm”).

A. Resources

The hyperparameters are the quantum resources of the
circuit. At the input, the resources are the number of
ancilla qubits and data qubits that store the input data
for the computation. At the output, the resources are
the locations of the measurements (see Fig. 1). As an
example, in the Swap Test for single-qubit states, we are
allowed access to one ancilla qubit and two data qubits
at the input, and we can measure only the ancilla qubit
at the output.

The input data may be classical or quantum, depend-
ing on the computation of interest. In the case of state
overlap, the input data are quantum states and hence
no encoding is necessary. However, for completeness, we
note that our approach also applies to classical inputs, in
which case the encoding (i.e., storing the classical data
in the quantum state of the data qubits) can be treated

as a hyperparameter that one fixes while optimizing the
algorithm.

B. Algorithm

Our approach searches for an optimal algorithm, where
we consider the algorithm to be a quantum gate sequence
with associated classical post-processing. We parameter-
ize (and hence optimize over) both the gate sequence and
the post-processing.

Let us first consider the gate sequence. We define a
gate set A = {Aj(✓)}. Here, each gate Aj is either a
one-qubit or two-qubit gate and may also have an inter-
nal continuous parameter ✓. Hence, A is a discrete set,
but each element of A may have a continuous parame-
ter associated with it. The precise choice of A depends
on which hardware one is considering. For example, the
connectivity differs between IBM and Rigetti hardware,
and the former employs CNOT gates while the latter
employs controlled-Z gates. For IBM’s 5-qubit computer
“ibmqx4” we can write out the gate set as

Aibmqx4 = {CNOT10
,CNOT20

,CNOT21
,CNOT32

,

CNOT24
,CNOT34

, U
0(✓), U1(✓), U2(✓),

U
3(✓), U4(✓)} , (1)

where U
j(✓) is an arbitrary gate on qubit j and CNOTjk

is a CNOT from control qubit j to target qubit k. An-
gles ✓ in Eq. (1) may be encoding multiple parameters.
In this article, we treat all one-qubit gates equally in
the sense that all one-qubit gates are equally complex to
implement, although our approach could easily be gener-
alized to account for different complexities for different
one-qubit gates.

We consider a generic sequence of d gates,

G~k(
~✓) = Akd(✓d) · · ·Ak2(✓2)Ak1(✓1) , (2)

where ~k = (k1, ..., kd) is the vector of indices describ-
ing which gates are employed in the gate sequence and
~✓ = (✓1, ..., ✓d) is the vector of continuous parameters
associated with these gates.

The measurement results give rise to an outcome prob-
ability vector ~p = (p1, ..., pl, ...). The desired output
might be one of these probabilities pl, or it might be
some simple function of these probabilities. Hence, we
allow for some simple classical post-processing of ~p in or-
der to reveal the desired output. While there is enormous
freedom in applying a function to ~p, we consider a simple
linear combination of probabilities:

g(~p) = ~c · ~p =
X

l

clpl (3)

where ~c is a vector of coefficients whose elements are cho-
sen according to cl 2 {�1, 0, 1}. This post-processing is
sufficient for the application in this paper (state overlap),

hZi = Tr[⇢ �]

The “equality algorithm”:

H. Buhrman, R. Cleve, J. Watrous, R. de Wolf, 
Quantum fingerprinting, Phys. Rev. Lett. 87, 
167902 (2001).

• Directly estimates overlap between unknown states. 
• Helmstrom minimum-error state discrimination without state descriptions 

(only from samples). 
• Elementary procedure useful for quantum machine learning algorithms.



An innocent-looking circuit…
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ing which gates are employed in the gate sequence and
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Single-qubit SWAP test:

(on IBM´s 5-qubit quantum processor: depth 14 with 7 CNOTs)

L. Cincio, Y. Subaşı, A. T. Sornborger, and P. J. Coles, New J. Phys. 20, 113022 (2018).

(on Rigetti´s 19-qubit processor: depth 24 with 12 C-PHASEs)

https://arxiv.org/search/quant-ph?searchtype=author&query=Suba%C5%9F%C4%B1,+Y


Repensar, reorganizar e otimizar…The NISQ mantra

Run simple things 
classically and save 

quantum hardware for 
the complex stuff



Circuit optimisation for the overlap algorithm

L. Cincio, Y. Subaşı, A. T. Sornborger, and P. J. 
Coles, New J. Phys. 20, 113022 (2018).
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FIG. 5: Our Ancilla-Based Algorithm (ABA), obtained by
minimizing the cost for the resources shown in Fig. 3(A) and
(B). (A) When ⇢ and � are one-qubit states, we obtain a cir-
cuit with 4 CNOT gates and 4 one-qubit gates for a total of 8
gates. Here, U = T

†
H. (B) Six of these gates are combined to

create a “building block” (see inset) that is used to generalize
the algorithm for input states ⇢ and � of arbitrary size. The
post-processing vector is ~c = (1,�1), independent of problem
size.

different from the Swap Test: it cannot be obtained from
the Swap Test by local operations.

The general form of the ABA is given in Fig. 5(B).
There is a repeating unit, shown in the inset of the figure,
that is applied on each pair of qubits composing ⇢ and �

as well as on the ancilla qubit. This unit has 4 CNOT
gates, so the overall algorithm employs 4n CNOT gates
and 6n + 2 total gates. Hence, the gate count grows
linearly with the number of data qubits.

C. Bell-Basis Algorithm

Figure 6(A) shows the BBA for one-qubit states ⇢ and
�. This circuit employs one CNOT gate followed by one
Hadamard gate, with both qubits being measured. It is
straightforward to show that this corresponds to a Bell
basis measurement. The post-processing is a bit more
complicated, with ~c = (1, 1, 1,�1), which corresponds to
summing the probabilities for the 00, 01, and 10 out-
comes and subtracting probability of the 11 outcome.
The above post-processing is equivalent to measuring the
expectation value of a controlled-Z operator.

The generalization of this algorithm is given in
Fig. 6(B). The repeating unit is simply a CNOT and
Hadamard, applied on each pair of qubits composing ⇢

and �. Furthermore, every qubit is measured at the out-
put. The total number of gates is simply 2n, and hence
grows linearly with the number of qubits. However, more
importantly, the CNOT and Hadamard on each qubit
pair can be performed in parallel. This crucial fact means

FIG. 6: Our Bell-Basis Algorithm, obtained by minimizing
the cost for the resources shown in Fig. 3(C) and (D). (A)
When ⇢ and � are one-qubit states, we obtain a circuit with
one CNOT followed by a Hadamard and measurements on
both qubits with a post-processing vector ~c = (1, 1, 1,�1).
(B) The CNOT and Hadamard gates form a “building block”
that is used to generalize the algorithm for input states ⇢ and
� of arbitrary size. Since these gates can be parallelized, the
quantum circuit depth is independent of problem size. On the
other hand, the complexity of classical post-processing grows
linearly with n, and the post-processing vector can be written
as ~c = (1, 1, 1,�1)⌦n if one orders the qubits into pairs from
⇢ and �.

that this algorithm has a constant depth, independent of
problem size. Namely, the depth is two quantum gates.

On the other hand, the classical post-processing is
somewhat complicated, and its complexity scales linearly
with the problem size. Namely, the post-processing vec-
tor can be written as ~c = (1, 1, 1,�1)⌦n, provided that
one arranges the qubits in the order P1Q1P2Q2....PnQn,
where P1P2...Pn and Q1Q2...Qn are the subsystems com-
posing ⇢ and � respectively. The linear scaling of post-
processing follows from the fact that one does not explic-
itly compute ~c · ~p in Eq. (3). Rather one bins individual
measurement outcomes into one of two bins (either the 1
or �1 bin). Here, the bin is determined by first assigning
each of the n qubit pairs a value of 1 or �1, based on the
associated eigenvalue of the controlled-Z operator, and
then multiplying these n values. The overlap Tr(⇢�) is
then given by the weighted average over all outcomes,
where the weights correspond to the bin label (either 1
or �1).

Nevertheless, for NTQCs, due to decoherence and gate
infidelity, it is better for the classical post-processing to
grow linearly in n than for the quantum circuit depth
to grow linearly in n. Hence, the BBA seems to be the
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(N non-nearest-neighbour CNOTs)

Ancilla-based algorithm:

J.  C.  García-Escartín  and P.  Chamorro-
Posada, Phys. Rev. A 87, 052330 (2013).

7

FIG. 5: Our Ancilla-Based Algorithm (ABA), obtained by
minimizing the cost for the resources shown in Fig. 3(A) and
(B). (A) When ⇢ and � are one-qubit states, we obtain a cir-
cuit with 4 CNOT gates and 4 one-qubit gates for a total of 8
gates. Here, U = T

†
H. (B) Six of these gates are combined to

create a “building block” (see inset) that is used to generalize
the algorithm for input states ⇢ and � of arbitrary size. The
post-processing vector is ~c = (1,�1), independent of problem
size.

different from the Swap Test: it cannot be obtained from
the Swap Test by local operations.

The general form of the ABA is given in Fig. 5(B).
There is a repeating unit, shown in the inset of the figure,
that is applied on each pair of qubits composing ⇢ and �

as well as on the ancilla qubit. This unit has 4 CNOT
gates, so the overall algorithm employs 4n CNOT gates
and 6n + 2 total gates. Hence, the gate count grows
linearly with the number of data qubits.

C. Bell-Basis Algorithm

Figure 6(A) shows the BBA for one-qubit states ⇢ and
�. This circuit employs one CNOT gate followed by one
Hadamard gate, with both qubits being measured. It is
straightforward to show that this corresponds to a Bell
basis measurement. The post-processing is a bit more
complicated, with ~c = (1, 1, 1,�1), which corresponds to
summing the probabilities for the 00, 01, and 10 out-
comes and subtracting probability of the 11 outcome.
The above post-processing is equivalent to measuring the
expectation value of a controlled-Z operator.

The generalization of this algorithm is given in
Fig. 6(B). The repeating unit is simply a CNOT and
Hadamard, applied on each pair of qubits composing ⇢

and �. Furthermore, every qubit is measured at the out-
put. The total number of gates is simply 2n, and hence
grows linearly with the number of qubits. However, more
importantly, the CNOT and Hadamard on each qubit
pair can be performed in parallel. This crucial fact means

FIG. 6: Our Bell-Basis Algorithm, obtained by minimizing
the cost for the resources shown in Fig. 3(C) and (D). (A)
When ⇢ and � are one-qubit states, we obtain a circuit with
one CNOT followed by a Hadamard and measurements on
both qubits with a post-processing vector ~c = (1, 1, 1,�1).
(B) The CNOT and Hadamard gates form a “building block”
that is used to generalize the algorithm for input states ⇢ and
� of arbitrary size. Since these gates can be parallelized, the
quantum circuit depth is independent of problem size. On the
other hand, the complexity of classical post-processing grows
linearly with n, and the post-processing vector can be written
as ~c = (1, 1, 1,�1)⌦n if one orders the qubits into pairs from
⇢ and �.

that this algorithm has a constant depth, independent of
problem size. Namely, the depth is two quantum gates.

On the other hand, the classical post-processing is
somewhat complicated, and its complexity scales linearly
with the problem size. Namely, the post-processing vec-
tor can be written as ~c = (1, 1, 1,�1)⌦n, provided that
one arranges the qubits in the order P1Q1P2Q2....PnQn,
where P1P2...Pn and Q1Q2...Qn are the subsystems com-
posing ⇢ and � respectively. The linear scaling of post-
processing follows from the fact that one does not explic-
itly compute ~c · ~p in Eq. (3). Rather one bins individual
measurement outcomes into one of two bins (either the 1
or �1 bin). Here, the bin is determined by first assigning
each of the n qubit pairs a value of 1 or �1, based on the
associated eigenvalue of the controlled-Z operator, and
then multiplying these n values. The overlap Tr(⇢�) is
then given by the weighted average over all outcomes,
where the weights correspond to the bin label (either 1
or �1).

Nevertheless, for NTQCs, due to decoherence and gate
infidelity, it is better for the classical post-processing to
grow linearly in n than for the quantum circuit depth
to grow linearly in n. Hence, the BBA seems to be the

Bell-measurement algorithm:
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Idea: estimate overlap from local measurements 
alone 

L. Guerini, J. Carrasquilla, and L. Aolita, Direct state-overlap estimation 
without entangling gates, in preparation.



Statistical overhead due to variance divergence or 
noisy-gate overhead due to limited connectivity?



Preliminary numerical results



Entanglement-free method versus Bell-measurement one

• For fixed number of samples, statistical error of entanglement-free method grows with N. 
• But systematic error of coherent tests with noisy entangling gates also grows with N. 



Part III´s Conclusions:

• Direct state-overlap estimation without entangling  gates:

1. Both systems need not be simultaneously available.

2.The noisier the gates, the more convenient the method.

L. Guerini, J. Carrasquilla, and L. Aolita, Direct state-overlap estimation 
without entangling gates, in preparation.



Global conclusions:

•Probabilistic formulation of quantum statics and dynamics amenable 
for generative machine learning:

1. Record breaking state and process tomography 

2. Simulations of quantum circuits with local gates.

3. Swap test without entangling gates.



Forwards



QUANTUM CIRCUIT

Hybrid classical-quantum algorithms

CLASSICAL NEURAL NET

F. de Melo e L. Aolita, Ciencia Hoje 360 (2019)

Potential applications: 

• Quantum artificial intelligence
• Complex combinatorial optimisations

• Quantum chemistry
• Large differential-equation systems
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But, what about Abu Dhabi?



An excellence sci + tech hub in the middle east



What about Abu Dhabi?

A super exciting new endeavour!

(Positions open!)
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